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TECHNICAL MEMORANDUM X-53372 

ESTIMATION I N  THE NEGATIVE BINOMIAL DISTRIBUTION 

SUMMARY 

P r a c t i c a l  s impl i f ied  procedures a r e  developed i n  t h i s  paper f o r  
ca l cu la t ing  estimates of parameters of the negative binomial d i s t r i -  
bution wi th  p robab i l i t y  function 

r (x -f- k, k 
f(x) = p (1 - P I X  ; x = 0, 1, z... 

x r (k) 

where 0 < p < 1 and k > 0. Moment es t imators ,  maximum l ike l ihood 
e s t ima to r s ,  and es t imators  based on moments and frequencies i n  
s e l e c t e d  c l a s ses  a r e  given both fo r  the complete and f o r  the trun- 
cated (with missing zero c l a s s )  d i s t r i b u t i o n .  To f a c i l i t a t e  calcu- 
l a t i o n  of the various estimators given, a t a b l e  of t he  func t ion  
-p I n  p / ( 1  - p)  wi th  e n t r i e s  t o  s i x  decimals a t  i n t e r v a l s  of 0.001 
f o r  t he  argument p ,  is included. I l l u s t r a t i v e  examples a r e  a l s o  
included. 

I. INTRODUCTION 

The negative binomial d i s t r i b u t i o n  is used ex tens ive ly  f o r  the 
d e s c r i p t i o n  of da ta  that a r e  too heterogeneous t o  be f i t t e d  by a 
Poisson d i s t r i b u t i o n .  Since much of t h e  da ta  co l l ec t ed  i n  s t u d i e s  
of atmospheric phenomena e x h i b i t  marked heterogeneity,  t h i s  d i s t r i -  
bu t ion  is of p a r t i c u l a r  i n t e r e s t  t o  aerospace s c i e n t i s t s .  It has 
been cons idered by numerous inves t iga t o r s  , among whom a r e  Greenwood 
and Yule [6],  F isher  [5], Haldane [71, Anscombe [l], and B l i s s  and 
F i she r  [Z]. Samples from t h i s  d i s t r i b u t i o n  when zero observations 
a r e  missing have been s tudied  by David and Johnson [4],  Sampford [ lo] ,  
Rider  [9],  Hartley [8],  and by Brass [31. This paper is pr imar i ly  
concerned wi th  es t imat ion  i n  the truncated negative binomial d i s t r i -  
bu t ion  from which the zero observations a r e  missing. Consideration 



is  a l s o  given t o  es t imat ion i n  t h i s  d i s t r i b u t i o n  when there  is  no 
t runcat ion.  Tables of the funct ion,  -p In  p / ( l  - p ) ,  which a r e  
useful  i n  ca lcu la t ing  est imates  i n  both cases ,  a r e  included. 

11. THE PROBABILITY FUNCTION AND ITS MOMENTS 

The probabi l i ty  func t ion  of the negat ive binomial d i s t r i b u t i o n  
may be wr i t ten  as 

k s o  t h a t  f ( 0 )  = p . The form i n  which t h i s  funct ion was considered 
by Fisher [5] follows from (1) when we make the t ransformation 
q = (1 - p ) / p .  A form considered by Anscombe [ l ]  follows upon 
making the transformation m = k ( l  - p ) / p  = kq. For the purposes 
of t h i s  paper, the form given i n  (1) i s  considered preferab le .  

When the zero observations a r e  removed, the p robab i l i t y  func t ion  
f o r  the r e su l t i ng  truncated d i s t r i b u t i o n  becomes 

r (k + X )  pk( l  - P ) ~  
fT(x) = ; x = 1, 

x! r (k) (1 - pk) 

The f a c t o r i a l  moments of the truncated d i s  x i b u  

2, 3 . . .  . (2) 

ion a r e  

(3) 
r (k + 3 )  l - p j  

r ( ~ ( 1  - pk> 
) *  - 

p [ j l  - (P 

From ( 3 )  and from (2) i t  follows t h a t  
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I '  

k(k + 1) 1 - 1 - P  
P[2] = (p\2 P = p(k + 1 ) ( p  ) Y  

1 - pk 

k+l kpk+' 1 - p 
fT(1) = P = (-I=@ 

1 - p k  p 

( 4 )  

111. ESTIMATION I N  THE TRUNCATED DISTRIBUTION 

Since est imat ing equations which r e s u l t  from equating the f i r s t  
two sample moments t o  corresponding d i s t r i b u t i o n  moments do not  lead 
t o  e x p l i c i t  so lu t ions ,  David and Johnson [ 4 ]  considered e x p l i c i t  
es t imators  based on the f i r s t  three s a m p l e  moments, bu t  found that 
they were qu i t e  i n e f f i c i e n t .  Sampford [ l o ]  subsequently developed 
a reasonably r a p i d  i t e r a t i v e  technique f o r  solving the  two-moment 
es t imat ing equations,  bu t  ul t imately concluded t h a t  the  values thereby 
obtained could o f t en  serve only as  f i r s t  approximations f o r  use i n  an  
i t e r a t i v e  so lu t ion  t o  the  maximum l ikel ihood est imat ing equations.  
La ter  Brass [ 3 ]  derived e x p l i c i t  estimators based on the  f i r s t  two 
moments and the  dens i ty  of ones, which turned out  t o  be reasonably 
e f f i c i e n t  f o r  most combinations of d i s t r i b u t i o n  parameters. The 
Brass est imators  follow when the l a s t  equation of (4) is solved f o r  
p k t o  ob ta in  

pk = P/pp ,  

and t h i s  value is subs t i t u t ed  i n  turn i n t o  the f i r s t  and the  second 
equat ion of (4). On equating the  sample mean and var iance t o  the  
d i s t r i b u t i o n  mean and var iance and the  r e l a t i v e  frequency of ones 
i n  the sample t o  fT(1) = P, the Brass es t imators  become 
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where 

R 
ii =I xnx/n, 

x=l 

i n  which + is the number of sample observations f o r  which the random 
va r i ab le  X = x, n is the  t o t a l  number of sample observations and R 
is the  l a rges t  sample observation. 

Alternate  es t imators  based on the  f i r s t  two moments and the 
dens i ty  of ones follow when we take logarithms of the t h i r d  equation 
of (4), solve f o r  (k + 1)  t o  obta in  

and subsequently s u b s t i t u t e  t h i s  value i n t o  the  second equat ion of (4). 
When 
equated to  P, the  r e s u l t i n g  equations become 

and s2 a r e  equated t o  IJ. and I J . ~ ,  r e spec t ive ly ,  and nl/n is 

4 



Although the es t imator  given above for  p is not i n  e x p l i c i t  form, 
l i n e a r  inverse  in t e rpo la t ion  i n  the  accompanying t a b l e  of t he  func t ion  
-p I n  p / (1  - p) quickly y i e lds  the required estimate t o  as many as 
four  decimal places.  

The es t imators  given i n  (9) and the  Brass es t imators  given i n  (6) 
u t i l i z e  information provided by sample values E, s2 and nl/n, b u t  t he  
p r e c i s e  manner i n  which t h i s  information is employed d i f f e r s  i n  the 
two cases. 
s u f f i c i e n t  information is provided by % and nl/n. 
below, i t  is unnecessary t o  use t h e  sample variance s2. 

Actually,  wi th  only two parameters t o  be estimated, 
A s  we demonstrate 

When the  expression f o r  p k given i n  equat ion ( 5 )  is s u b s t i t u t e d  
i n t o  the  f i r s t  equation of (4), we s impl i fy  t o  ob ta in  

- p -  k -  
1 - p' 

On t ak ing  logarithms of the t h i r d  equation of (4) and so lv ing  f o r  
(k + l) ,  w e  have 
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On s e t t i n g  the r i g h t  s i d e  of ( 4 )  equal t o  the r i g h t  s i d e  of the second 
equation of (10) and l e t t i n g  IJ. = ;; and P = nl/n,  we obta in  the following 
est imat ing equation i n  p alone.  

With the aid of the accompanying t ab le  of -p I n  p / ( l  - p ) ,  it is  
r e l a t i v e l y  simple t o  solve t h i s  equation f o r  the required est imate  
p>k’kfc using l i n e a r  i n t e rpo la t ion  a s  indicated below. We need only 
f ind two consecutive tabled values of p such t h a t  ln(n%/n,) i s  i n  
the in t e rva l  ( G i ,  Gi+l).  

With p”cfcfc thus determined, we employ the f i r s t  equat ion of ( l o ) ,  
with p = and P = n,/n t o  ca l cu la t e  

6 



The form of k**- is the same as the Rrass es t imator  given i n  (6), the 
only d i f fe rence  being t h a t  here p""* i s  a roo t  of es t imat ing equation 
(12), whereas the Brass es t imator ,  p*, is given by the f i r s t  equation 
of ( 6 ) .  To d i s t ingu i sh  between t h e  d i f f e r e n t  es t imators  considered 
here ,  a s i n g l e  a s t e r i s k  denotes the Brass es t imators ,  double a s t e r i s k s  
denote the  a l t e r n a t e  es t imators  of equation (9) and t r i p l e  a s t e r i s k s  
denote es t imators  based on the  sample mean and the sample proportion 
of ones. 

Of the  three est imators  considered, those given by Brass enjoy 
the advantage of being e a s i l y  calculated.  The sampling proper t ies  
of the est imators ,  based on the s a m p l e  mean and the observed proportion 
of ones, r equ i r e  fu r the r  inves t iga t ion ,  bu t  they a r e  r e l a t i v e l y  easy 
t o  ca l cu la t e  with the a i d  of the accompanying t ab le  of -p I n  p / ( l  - p),  
and they might be expected t o  b e  asymptotically more e f f i c i e n t  and 
perhaps less a f f ec t ed  by b i a s  than the  other  two est imators .  Certainly,  
any of these est imators  would be s a t i s f a c t c r y  a s  f i r s t  approximations 
i n  an iterative so lu t ion  of the maximum l ikel ihood est imat ing equations.  

Maximm Like1 ihood Estimation 

The l ike l ihood funct ion fo r  a random sample of s i z e  n from the  
truncated d i s t r i b u t i o n  is  

On taking logarithms of (14), d i f f e r e n t i a t i n g  with r e spec t  t o  p and k 
i n  tu rn ,  and equating t o  zero,  we obtain the est imat ing equations 
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R 
- =  a l n  L n l n p +  npkln + 1 nx f (k + j - 1)-' = 0. 

1 - pk 
x=l  j=1 

ak 

Following Haldane [71 and Sampford [ l o ] ,  these equations may be more 
conveniently r ewr i t t en  as 

R R 

x=l i=x 

It is of i n t e r e s t  t h a t  the f i r s t  equat ion of (16) equates the  d i s t r i b u t i o n  
mean given by the f i r s t  equation of (4) t o  the  sample  mean, x. The usual  
maximum-likelihood i terat ive procedures can be employed t o  arr ive a t  
so lu t ions ,  but  by taking advantage of the  t a b l e  of -p I n  p / ( l  - p) and 
following a procedure of Sampford [ l o ] ,  the  computational labor  involved 
can be g r e a t l y  reduced. I n  some ins tances ,  t he  computational labor  can 
be s t i l l  fu r the r  reduced by modifying Sampford's procedure. Begin wi th  
an i n i t i a l  approximation k (11, which might be obtained using any of the  
est imators  previously discussed. Evaluate the  r i g h t  s i d e  of the second 
equation of (16) and i n t e r p o l a t e  i n  the t a b l e  of -p I n  p / ( l  - p)  t o  
obta in  a f i r s t  approximation ~ ( 1 ) .  Rewrite t he  f i rs t  equat ion of (16) as 
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The problem of so lu t ion  is now reduced t o  that of f inding two values 
k(i) and kci+l)  i n  a s u f f i c i e n t l y  narrow in t e rva l  with H i  and Hi+l of 
opposite signs.  Once such values  have been found, the required estimates 
follow by l i n e a r  in te rpola t ion  as indicated below. 

k P H 

i: h 

P 0 

The symbol (") serves  t o  designate es t imators  obtained by the p r inc ip l e  
of maximum l ikel ihood.  

IV. ESTIMATION IN THE COMPLETE DISTRIBUTION 

A 1  though numerous es t ima to r s  f o r  parameters of the negative 
binamial d i s t r i b u t i o n  have been proposed, we shall examine here  only 
est imators  based on (1) the f i r s t  two moments, (2) the f i r s t  moment 
and the  proportion of zero readings, (3) the f i r s t  moment and the 
proport ion of ones, and (4) the method of maximum l ikel ihood.  

I n  the parametric form considered by Anscornbe El], which follows 
from equation (1) on s e t t i n g  m = k( l  - p ) / p ,  the  mean and second c e n t r a l  
moment of the  complete negative binomial d i s t r i b u t i o n  a r e ,  respec t ive ly ,  

9 



cl; = m, 

It has been pointed out by Fisher  [ 2 ]  t h a t  2 is  a f u l l y  e f f i c i e n t  
es t imator  of m y  but  t h a t  the e f f i c i ency  of k* is somewhat low f o r  some 
combinations of rn and k. 
small values  of the mean and l a rge  values of k. More p rec i se  s ta tements  
concerning the e f f i c i ency  of k” a r e  given on page 185 of the 1941 paper 
by F isher  [5] ,  and on page 371 of Anscombe‘s p a p e r  El]. 

I n  general  the  e f f i c i ency  of k* is  h igh  f o r  

I 

m 
p2 = m ( l  + ;;). 

Moment E s  t ima to r s .  

The usual moment es t imators  obtained by equating sample mdments t o  
d i s t r i b u t i o n  moments then follow as 

m* = j ; ,  

Estimators Based on Mean and Proportion of Zeros. 

Anscombe [l] found the e f f i c i ency  of es t imators  based on the  mean 
and the proportion of zeros t o  be reasonably high f o r  appropr ia te  
combinations of m and k. 
values of m and the smaller  values  of k. The es t imat ing  equation f o r  
k i n  t h i s  case i s  

The higher  e f f i c i e n c i e s  occur wi th  the  smaller 

and the est imator  f o r  m is the sample mean as i n  the  usual  moment es t imators ,  
previously discussed. Bliss [ 2 ]  wr i t e s  t h i s  equat ion i n  the  form 



k**lnjl + Z/k**) = ln (n /no) ,  

1 

and suggests solving f o r  k* by a t r ia l -and-er ror  procedure. 

I f  we  adhere t o  the parametric form of the negative binomial 
probabi l i ty  funct ion given here  i n  (1) , the  est imat ing equations i n  
the  case under considerat ion assume a form which permits a rap id  and 
s imple  so lu t ion  by l i n e a r  inverse in t e rpo la t ion  i n  the t ab le  of 
-p I n  p/( l -p) .  With the sample mean and the  sample proportion of zeros 
equated to  corresponding d i s t r i b u t i o n  values , the  est imat ing equations,  
when equation (1) is  the densi ty ,  a r e  

k no/n = p , 

On taking logarithms of the  f i r s t  equation of (12) and solving f o r  k, 
w e  have 

On solving the second equation of (22) f o r  k, we have 

Equate the r i g h t  s i d e  of (23) to the  r i g h t  s i d e  of (24) and s impl t fy  to  
ob t a  i n  

-p I n  p ln(n/no) - - - 
1 - P  X 

11 



I n  t h i s  form, i t  is a s i m p l e  matter t o  evaluate  the r i g h t  s i d e  of (25),  
and read the est imate  pJrk from the accompanying t ab le  of -p I n  p / ( 1  - p) .  
With p** thus determined, the  corresponding est imate  of k follows from 
(23) as 

p"" H k*" = 
1 - p**' 

with considerable saving i n  labor  over the computational procedures 
otherwise necessary. 

Estimators Based on Mean and Proportion of Ones. 

Estimators based on the  mean and the proport ion of ones seem l i k e l y  
t o  be preferred over es t imators  based on the mean and the proport ion of 
zeros,  when n1 > no. The proper t ies  of these est imators  are  being inves- 
t i ga t ed  fu r the r ,  bu t  on the bas i s  of prel iminary s t u d i e s ,  t h e i r  inc lus ion  
here  seems warranted. I n  t h i s  case the est imat ing equations are 

\ 

n,/n = kpk(l - p) ,  

Divide the f i r s t  of these equations by the  second, and we have 

k+l nl/nG = p . 

Take logarithms of (28) and so lve  f o r  k = 1 t o  ob ta in  

ln(nl/nZ) 

I n  P 
k + l =  

12 



Solve the second equation of (27)  for  (k + l ) ,  and we find 

1 +- P(;f - 1) k + l =  
1 - P  1 - p’ 

On equating the r i g h t  s i d e  of (30) t o  the r i g h t  s i d e  of (29) and 
s imp1 i fy ing  , we have 

-P In  P 1 - P  
1 - P  P 

(2 + - ) = 1n(G/n1).  

This equation is only s l i g h t l y  more d i f f i c u l t  t o  so lve  than (25). 
the a i d  of t he  t a b l e  of -p I n  p / ( 1  - p ) ,  it is  qu i t e  easy t o  f ind  
consecutive values of p such t h a t  p+** i s  i n  the i n t e r v a l  (p i ,  p i+ l ) .  
Once p** has been determineci. k*s’ follows from (30) as 

With 

Note t h a t  k** d i f f e r s  from k*” given in  (26) only i n  the s u b s t i t u t i o n  
of p* f o r  p**. 

Maximum Like1 ihood Es tima tors .  

Although maximum l ike l ihood es t imat ion  i n  the  complete negative 
binomial d i s t r i b u t i o n  has been qui te  f u l l y  discussed by Fisher  [SI, 
Anscornbe [l], B l i s s  [2] and others ,  app l i cab le  es t imators  are included 
he re  as a mat te r  of convenience. With the es t imat ing  equations obtained 
by equating t o  zero, the p a r t i a l  de r iva t ives  of the logarithm of the 
l i ke l ihood  func t ion  with respec t  t o  p and k a r e  

13 



x=l j=1 

These equations reduce t o  

-P I n  P - - e  f ( k + x  

1 - p  nx 
x=l  i=x  

“i- 
-1 t - 1) 

Equations (34) can be solved by standard i t e r a t i v e  procedures, and here  
again the  accompanying t ab le  of -p In  p / ( l  - p) is  usefu l .  
cated i n  the truncated case,  we might begin wi th  a f i r s t  approximation 
k(1) and employ the second equation and the  t a b l e  of -p I n  p / ( l  - p) t o  
obta in  a f i r s t  approximation ~ ( 1 ) .  Write the  f i r s t  equation of (34) as 

As was indi -  

and our problem is reduced t o  f ind ing  approximations k ( i )  and k ( i + l )  
such t h a t  Q ( i )  and Q ( i + l )  a r e  of opposi te  s igns .  F ina l  es t imates  a r e  

14 



I 
~ 

then obtained by 1 inear  in te rpola t ion  as ind icared provided the in te rva  1 
between k(i) and k(i+l) i s  s u f f i c i e n t l y  narrow. 

No. m i t e s  
per  l ea f  X 0 1 2  

No. leaves nx 70 38 17 
observed 

k 

3 4 5 6 7 8 +  

10 9 3 2 1 0 

P 

n n 

k P - - 0 - 

Any of the methods previously described w i l l  se rve  t o  provide a 
s a t i s f a c t o r y  f i r s t  approximation k(1). 

V. ILLUSTRATIVE EXAMPLES 

Complete Negative Binomial Dis t r ibu t ion .  To i l l u s t r a t e  the 
ca l cu la t ion  of es t imates  i n  the  complete negative binomial d i s t r i b u t i o n ,  
we consider a sample reported by P. Garman on the counts of red m i t e s  on 
a p p l e  leaves,  which w a s  previously examined by B l i s s  [2]. 
a r e  given below. 

These d a t a  

15 



x nx = 172, i For t h i s  sample, n = 150, no = 70, n1 = 38, 

x=O 

x2nx = 536, Z = 1.14667, and s 2  = 2.27365. 

x=o 

Estimates based on the f i r s t  two moments fol low from equations (19) as 

m* = 1.14667, 

(1.14667) 
k”C = = 1,16670. 

2.27365 - 1.14667 

Estimates based on the f i r s t  moment and the proport ion of zeros 
follow equation (25), which f o r  the da ta  given here  becomes 

-p I n  p ln(150/70) 

1 - P  1.14667 
- - = 0.6646 5509. 

In te rpola t ing  from the accompanying t ab le ,  we have 

p** = 0.46391, 

and from equation (26) 

16 



.46391 

.53609 
(1.14667) = 0.9923, k* = 

which agrees with the value more laboriously computed by B l i s s  without 
b e n e f i t  of the t ab le  employed here. 

Estimates based on the mean and the proportion of ones follow on 
solving equation ( 3 1 ) ,  which f o r  our sample becomes 

With the a i d  of the accompanying tab le ,  it is quickly es tab l i shed  t h a t  
.480 < p- < .481. The final estimate is determined by l i n e a r  i n t e r -  
po la t ion  as  shown below. 

P J(P) 

.4810 1.50967 381 

.4808 1.50990832 

.4800 1 .5  10847 32 

Accordingly, p- = 0.4808, and from equation (32 )  

k* t 0*4808 (1.14667) = 1.0619. 
0.5192 
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Maximum l ikel ihood est imates  can be ca lcu la ted  from equations (34) 
wi th  the aid of the t ab le  of -p I n  p / (1  - p) or  by following the technique 
of Bliss and Fisher  [2].  To four  decimal places ,  both procedures lead 
t o  the estimate 

= 1.0246. 

Calculations based on equations (34) and the t ab le  of -p I n  p / ( l  - p) 
a r e  sketched below. A s  a f i r s t  approximation t o  k, we select  k** = 0.9923 
(based on the mean and the proport ion of zeros) which we round o f f  f o r  
ease of ca lcu la t ion  t o  k(1)  = 1.0000. Accumulating on a desk ca l cu la to r ,  
wi th  k = 1, w e  ob ta in  

(x)" n i  = 114.9261904. 

x=l i=x 

On subs t i t u t ing  t h i s  value i n t o  the second equat ion of (34) we ca l cu la t e  

1 
(114.9261904) = 0.66817552. -P I n  P - - -  

1 - p 1 7 2  

In te rpola t ing  i n  the t a b l e  of -p In p / ( l  - p ) ,  we  have as a f i r s t  
approximation t o  the required est imate  of p ,  

= 0.46829. (1) 

When these values f o r  k(1) and 
equation of (34), w e  have 

a r e  s u b s t i t u t e d  i n t o  the f i r s t  

l(1 - 0.46829) 
= 1.13543 < L = 1.14667. 

0.46829 



Since both the moment entimate and the  est imate  based on the m a n  
and the proportion of ones exceed our f i r s t  approximation, i t  seems 
appropr ia te  that our second approximation should be g r e a t e r  than the 
first.  Accordingly, we s e l e c t  k(2 = 1.03. Again accumulating on a 
desk ca l cu la to r ,  bu t  t h i s  time w i t  h k = 1.03, we ca l cu la t e  

7 7 7 (x + 0.03)’l 7 n i  = 112.1650693. 
‘2 

x=l  
L J  

i=x 

A s  with the previous approximation, t h i s  value is subs t i t u t ed  i n t o  the  
r i g h t  s i d e  of the second equation of (34) and on in t e rpo la t ing  i n  the 
t a b l e  of -p I n  p / ( l  - p) ,  we f ind  as the second approximation 

h 

Our f i n a l  es t imate ,  k = 1.0246, is a r r ived  a t  from the f i r s t  equat ion 
of (34) by in t e rpo la t ion  a s  shown below. 

1.0300 1.14911 

h 

k = 1.0246 
- 

1.14667 = x 

1.0000 1.13543 

h 

To the  number of decimals given, the value obtained here  f o r  k is i n  
agreement wi th  t h a t  ca lcu la ted  (perhaps more laboriously)  by B l i s s .  

Auxi l iary tabulat ions involved i n  the above ca lcu la t ions  a r e  
included i n  the following tab le .  

1 9  



7 c 
i=x 

(k + x - 1)'l 
X 

k - 1  k = 1.03 

70 

38 

1 7  

10 

9 

3 

2 

1 

150 

80 1.00000000 0.97087378 

42 .50000000 

.33333333 

.49261083 

25 .33003300 

15 .25000000 .24813895 

6 .20000000 .19880715 

.16666667 .16583747 

.14285714 .14224751 1 

7 7 
~ 

112.1650693 1 (x + k - 1)'l 1 n i  

x=l i=x 

114.9261904 

A summary of the various estimates for the particular sample under 
cons ideration is  contained i n  the following table. 

Parameters Estimates 

Mean and 
Freq. of Ones 

Mean and 
Freq. of Zeros M.L. Moments 

1.02459 

1.16667 

0.47189 

1.11915 

1.16670 

1.14667 

0.50433 

0.98283 

0.9923 

1.14667 

0.46391 

1.15557 

1.0619 

1.14667 

0.4808 

1.07983 
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In th i s  example, estimates based on the.mean and the frequency of 
zeros a r e  i n  c loses t  agreement w i t h  the maximum likelihood estimates 
while the moment estimates d i f f e r  by the g rea t e s t  amount. 

No. Breaks X 

N o .  Observations nx , 

Truncated Negative Binomial Distribution. To i l l u s t r a t e  estimation 
i n  the truncated negative binomial d i s t r ibu t ion ,  we consider a sample of 
chromosome breakage which was or ig ina l ly  presented by Sampford [ lo] .  
Data f o r  t h i s  sample follows. 

1 2  3 4 5 6 7 8 9 10 11 1 2  13 

11 6 4 5 0 1 0 2 1 0 1 0 1 

13 13 

For these data ,  n = 3 2 ,  n1 = 11, 1 x nx = 110, 1 x%, = 686, 

x=l x=l 

= 3.4375, and s 2  = 9.9315. 

Estimates based on the f i r s t  two moments a s  computed by Sampford a re  

= 0.633 and 6 = 0.2346. 

Brass estimates based on the f i r s t  two moments and the proportion 
of ones follow from equations (6) as 

p* = 3'4375 (1 - $) = 0.2345, 
9.9315 

= 0.6040. 
0.2345 (3.4375) - (11/32) 

0.7655 
k* = 
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Alterna te  estimators based on the f i r s t  two moments and the 
proportion of ones follow from equations (9). For these da t a ,  the 
f i r s t  equation of (9) becomes 

] In  f$) = 0.439814. 
-' In 3.4375 

1 - P  
= 

[919315 + 3.43752 - 3.4375 

Inverse l i n e a r  i n t e rpo la t ion  i n  our t ab le  y i e lds  the required es t imate  

p** = 0.2307. 

From the second equation of (9), we have 

k" = r5.23636361 - 1 = 0.570. 
0.7693 

Estimates based only on the mean and the propor t ion  of ones follow 
from equations (12) and (13). For t h o s e . d a t a ,  equation (12) becomes 

~ ( p )  = [2.4375 + "3 [ -P I n  P ] = I n  f:) = 2.30258509. 

32P 

With the  aid of the t ab le  of -p I n  p / ( l  - p) ,  we quickly determine t h a t  
the required estimate p*** is i n  the i n t e r v a l  (0.202 t o  0.203), and w e  
i n t e rpo la t e  f o r  the f i n a l  es t imate  as ind ica ted .  

22 



P G (PI 

0.2030 2.30291889 

0.2025 2.30258509 - 
0.2020 2.30226898 

~ ~~~ ~~ 

With p- = 0.2025, we subs t i t u t e  i n  equation (13) and compute 

- 0.2025 (3.4375) - 11/32 
k* = = 0.4418. 

.7975 

Maximum likelihood estimates can be computed from equations (16) 
with the a id  of the tab le  of -p I n  p / ( l  - p) a s  described by Sampford [ lo ]  
i n  much the same manner as maximum l ikelihood estimates were calculated 
i n  t h i s  paper f o r  the  complete negative binomial d i s t r ibu t ion .  
nately,  the technique described by Hartley 181 might be used. I n  e i t h e r  
case the f i n a l  estimates f o r  the sample under consideration a r e  
p  ̂ = 0.2113 and 

A l t e r -  

= 0.493. 

A surrmary of the various estimates f o r  the sample discussed is 
presented i n  the following tab le .  

Parameters Estimates 

Mean and 
M.L. Moments Brass Alternate  Prop. Ones 

k 0.493 0.633 0.6040 0.570 0.4418 

m 1.8402 2.0652 1.9717 1.9007 1.7399 

P 0.2113 0.2346 0.2345 0.2307 0.2025 

3.7326 3.2626 3.2644 3.3346 3.9383 
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Attent ion is invi ted t o  the c lose  agreement exhibi ted here  between 
est imates  based on the mean and the proport ion of ones with the maximum 
l ikel ihood est imates  i n  con t r a s t  with the r a t h e r  wide discrepancies  
between the moment estimates and the maximum l ike l ihood estimates, 

V I .  SOME REMARKS ON RELIABILITY OF ESTIMATES 

Asymptotic variances of es t imates  i n  the complete negative binomial 
d i s t r i b u t i o n  have been given by Anscombe [ l ] ,  and by Bliss and 'Fisher [ 2 ] .  
S i m i l a r  r e s u l t s  i n  the truncated case were given by Sampford [ l o ]  and 
by Hartley [8 ] .  
presented here without proof. 

I n  the i n t e r e s t  of completeness, these r e s u l t s  are 

I n  the complete negative binomial d i s t r i b u t i o n ,  

. 2k(k + 1) 
V(k*) = 

- P I 2  

. - 1 - k ( l  - p) 
V(k**) = 

n[-ln p - (1 - p)12 
(37 1 

24 



The var iances  of k** and p* i n  the complete negat ive binomial 
d i s t r i b u t i o n  remain t o  be determined. I n  the preceding var iances ,  a 
s i n g l e  a s t e r i s k  (*) denotes a moment estimate, double a s t e r i s k s  (*) 
denote an estimate based on the mean and the proport ion of ones, the 
circumflex (A) denotes maximum l ikel ihood estimates, while t r i p l e  
a s t e r i s k s  (*) denote estimates based on the mean and the  proport ion 
of ones. 

I n  the truncated negative binomial d i s t r i b u t i o n ,  var iances .  and 
covariances of the  maximum l ikel ihood estimates a r e  obtained i n  the  
usual manner by inver t ing  the information matr ix  i n  which the components 
are expected values of the quan t i t i e s  

- 
-a'ln L nk[l - (k f 1) pk] nx + - - 

aP P2(1 - PkI2 (1 - PI"' 

n [ l  - (1 - k I n  p) pk] - -a21n L 

a P  ak 
- -  

P ( 1  - PkI2  
, (39) 

R R 
= 1 (k + x - 1)'* 

-a21n L 

ak2 x=l i=x 

It is usua l ly  s a t i s f a c t o r y  t o  use these quan t i t i e s  themselves r a t h e r  than 
t h e i r  expected values .  

Variances of the ordinary moment es t imators  (based on the f i r s t  two 
moments) are  given by Sampford 1101, while Brass [3] gave var iances  of 
h i s  es t imators .  I n  both of these cases the expressions obtained are 
r a t h e r  complicated and are  no t  repeated here .  
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For the d i s t r i b u t i o n  of red mites on apple leaves,  considered i n  
Section V, i t  follows from (36) t h a t  

. 1.14667 + 1.28330 
V(2)  = = 0.01620, 

150 

Z(1.1667) (1.1667 + 1) 
V(k*) k = 0.1372. 

150 (0.49567) 

Accordingly, 8% 0.1273 and Sk* 0.370. 

From equation (38) i t  follows that 

V(G) 0.07614, and si; 0.276. 

In  the example of chromosome breakage employed t o  i l l u s t r a t e  
es t imat ion in  the truncated negative binomial d i s t r i b u t i o n ,  Sampford [ l o ]  
calculated moment es t imate  variances and covariances t o  be 

V(p*) A 0.015091, Cov(p*, k*) f; 0.08125, and V(k*) 0.4983. 

Corresponding values f o r  maximum l ikel ihood est imates  were found to  be 
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ERRATA SHEET 

NASA TK X-53372, "Estimation i n  the Negative Binomial D i s t r ibu t ion , "  
by A .  Cli f ford  Cohen, Jr., Marshall Space F l i g h t  Center, December 21, 
1965. 

Enclosed is  an erratum f o r  TM X-53372. This equat ion ( the  f i r s t  
p a r t  of equation (9)  on page 5) was omitted i n  the reproduct ion process ,  
All r e c i p i e n t s  of t h i s  r e p o r t  should remove the backing from the 
enclosed equat ion and s t i c k  the equation on the top of page 5 j u s t  
above the f i r s t  equation appearing on tha t  page. 
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